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A state in a d- dimensional Hilbert space can be simulated by a state defined in a different dimen- 
sion with high fidelity. We assess how faithfully such the approximated state can perform quantum 
protocols, using an example of the squeezed coherent superposition state which was recently exper- 
imentally generated. 

PACS numbers: 



I. INTRODUCTION 

Quantum mechanical superposition of macroscopically 
distinguishable objects, also called "cat" states, first 
commented on by Schroedinger in his famous gedanken- 
experiment [l|, has since sparked a great deal of interest. 
Significant attention has been devoted to the superposi- 
tion of coherent states, which are at the border between 
classical and quantum states @, [1] . When properly gen- 
erated, these states could be used in fundamental tests of 
quantum theory 0, H, H, 0] > or in various quantum infor- 
mation protocols, such as quantum teleportation || Q or 
quantum computing [icj |. However, the generation based 
on a nonlinear interaction in a Kerr medium |2j], faces 
a difficult obstacle in the form of accessible Kerr non- 
linearities - they are much smaller than what is needed 
0. 

Recently, different approaches have been given an at- 
tention to generate a coherent superposition state. The 
so-called Schrodinger kitten states, superposed coherent 
states with small amplitudes, were gene rated by subtract- 
ing a photon from a squeezed state |l2l[l3,[l3|. Although 
their size limits their usability for quantum information 
protocols, there are ways to increase it using probabilistic 
linear optics scheme [15|. Yet another scheme was suc- 
cessfully realized very recently , with various distinct 
features. First, the state produced is not a superposition 
of coherent states but squeezed coherent states. This 
suggests that the state needs to be un-squeezed before it 
can be used for existing quantum information protocols 
for coherent superposition states, although we are going 
to show that this step needs not be necessary. Second, in 
contrast to earlier theoretical and experimental efforts, 
the state generated in [l8[ is defined in a finite Hilbert 
space (dimension three). 

A quantum state is defined in Hilbert space of a certain 
dimension. Two extreme examples are a qubit state in 
a two-dimensional space and a continuous-variable state 
in an infinite dimensional space. In performing a quan- 
tum protocol, it is normally a tacit understanding that 
quantum states and operations are fixed to one particular 
dimension. However, there is no reason why a quantum 
protocol cannot be performed using quantum systems in 
various dimensions. A continuous- variable state can be 



projected onto a finite-dimensional space [16[ and can be 
used to entangle two qubits [17j . The recent experimen- 
tal realization of the superposition of squeezed coherent 
states [18| is also an example of this. 
Consider a continuous- variable state 



|*) = C0|0)+Ci|l)+C2|2) + 



(1) 



which is to be approximated by a state in a two- 
dimensional Hilbert space {0, 1}: 



|4) =do|0) + di|l) 



(2) 



We take the amplitudes of both states, i.e. Ci and di, 
real for simplicity. In order to find how close the approx- 
imated state |$) is to the target state we use the 
fidelity, which is the overlap between the two states: 



F= |<*|$>r = Mo + cidx) 2 = ( c do + c lx /l 

where the normalization condition has been utilized. The 
fidelity is optimized to Cq + c\ when do/d% — Cq/c\. In 
other words, the sum of probabilities of the target state 
being in the truncated Hilbert space determines the max- 
imal fidelity of the approximated state. Here, we are not 
suggesting that this is the absolute optimum strategy to 
simulate |$) by a state in a two-dimensional space. For 
example, when Cj and Cj for arbitrary i and j [i ^ j) are 
larger than other amplitude factors, there is no reason 
why the two dimensional state cannot be defined in \i) 
and \j). 

When the target state is a coherent superposition state 
|*) = Af(\a) + | — a)), where \a) represents a coher- 
ent state with amplitude a. The amplitudes of coher- 
ent states will be considered real throughout the paper. 
The property of the coherent state being a Poissonian- 
weighted sum of Fock states gives the coefficients 



\J ?i!cosha 2 



for n even 



(4) 



and On = for n odd. Throughout the paper, J\f de- 
notes the normalization factor. If the coherent super- 
position state is approximated by a state in a trun- 
cated Hilbert space {0,2}, the optimum fidelity is F = 



2 



(a 4 + 2)/(2cosha 2 ). As a grows, the fidelity gets smaller. 
While the fidelity is F = 0.97 for a = 1, it is already as 
small as F — 0.73 for a — 1.5. 

Using a superposition of zero and two photon states, 
Ourjoumtsev et al. approximated a squeezed coherent 
superposition state 



conditioning measurement 



I*, 



■ AfS{r){\a) 



a)) 



(5) 



where the S(r) is the squeezing operator with the real 
parameter r resulting in squeezing the x quadrature vari- 
ance. With use of the expansion of s ) in the Fock ba- 
sis, we find with the argument above that the optimum 
fidelity to be approximated by a state in the truncated 
space {0, 2} is 



F = (* s |0) 2 + (* s |2) 
2a/2<7 



[l + cxp(-2a 2 ](l+ ff ) 5 6XP 
[2(l + ff ) 4 + (4 5 a 2 -l+ 5 2 ) 2 ] 



-2g« 2 ) 

1+5 



(6) 



where g = exp(— 2r). We can see that the fidelity can 
be larger for an appropriate choice of parameters. In 
Ourjoumtsev et al.'s work, the fidelity they achieved is 
0.99 for r = 0.4029 (corresponding to 3.5 dB of squeez- 
ing) and a = V2.6. It is clear that their approximated 
state is nearly optimum in the truncated space {0, 2} and 
that the components outside of {0, 2} space are small. 
However, as these components are not zero, we can ask 
a question if the truncation affects any of the quantum 
protocols when the approximate state replaces the target 
state. This is the question we want to answer to in this 
paper, as we exemplify some protocols. 



II. TELEPORTATION USING IDEAL 
SQUEEZED SUPERPOSITION STATE 

In order to analyze performance of the approximate su- 
perposition of squeezed coherent states for quantum pro- 
tocols, we need a benchmark to compare it with. There- 
fore, in this section we shall study an ideal superposi- 
tion state with regard to quantum teleportation proto- 
col. Consider a general qubit-like state in a squeezed 
coherent-state basis 



|Vto> = Ki s S(r) (a\a) + b\-a)) 



(7) 



where the normalization constant is 

A4 ig = [H 2 + \b\ 2 + 2 exp(-2a 2 )Re{a6*}] ~ 1/2 . (8) 



When a = b, \tp s i S ) the same as \^f s ) in Eq. This state 
bears many similar properties to a coherent superposi- 
tion state without squeezing. For both classes of states, 
the base states \a) and \ —a) for a coherent superposition 
state and S(r)\a) and S(r) \ — a) for its squeezed counter- 
part are only asymptotically orthogonal, with the overlap 
of \(a\ — a)\ 2 = exp(— 4a 2 ). However, orthogonal bases 
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FIG. 1: (color online) Teleportation scheme for a squeezed 
coherent superposition state. BS1 and BS2 - balanced beam 
splitters, BHD - balanced homodyne detection. 



exist in the form of superpositions between either odd or 
even numbered Fock states: | ± (a)} oc |a) ± | — a) (nor- 
malization omitted) and S(r) \ ± (a)}. In this way, the 
superposition states may be treated as a qubit system 
rather than a continuous variable system. These simi- 
larities suggest that it could in principle be possible to 
use the squeezed coherent superposition states in a same 
manner as the coherent superposition states, for example 
a quantum computation protocol, analogically to [Io| . 

In the following we shall focus on the performance of 
the teleportation protocol, as it is a flagship experiment 
based on quantum entanglement and can also be utilized 
for the implementation of other quantum operations . 
For our aim to study the basic usability of the approxi- 
mated squeezed coherent superposition states, firstly we 
need to develop the teleportation protocol for the ideal 
squeezed coherent superposition states. We can then con- 
sider how faithfully the approximated state works for this 
protocol. 

As an entangled resource to use in the setup as shown 
in Fig. [U let us first consider a squeezed coherent super- 
position state in mode 1, which is mixed with a squeezed 
vacuum in mode 2 at a beam splitter to produce 



\ipeat) = NentSi(r)S 2 (r) (\a,a) + | - a, 
Knt = [2 + 2exp(-H 2 /2)r 1/2 



(9) 



where the subscripts stand for mode labels. 

The first step of the teleportation protocol, as depicted 
in Fig. [1] is to perform a joint measurement on modes s 
and 1. The measurement outcome then tells us which 
unitary operation to perform on mode 2 in order to re- 
trieve the signal state. However, due to difficulties in the 
realization of joint measurements and unitary operations, 
it may be beneficial for the proof of principle experiment 
to concentrate on a single possible outcome of the joint 
measurement, for which no operation is required on the 
mode 2. In this case, when the joint measurement her- 
alds the desired outcome, the state of mode 2 is accepted 
as a teleported one. 



3 



In order to find the required measurement explicitly, 
let us consider the state of the whole system after BSf , 



l^tot) = |'0sig)a|'0ent)l2, 



(10) 



which, after mixing modes 1 and s at BS2, transforms to 
(normalization omitted) 



|V>t, 



Stot{r) 



i\y2a, 0, a) + a\0, —y2a, —a) + 



+ b\0, V2a,a) +b\ - V2a,0,a) 



(11) 



with Stot(r) = S s (r) ® Si(r) ® S 2 (r). Note that all the 
modes are assumed to have the same initial squeezing 
factor r. We then use the measurement that confirms 
state S(r)|0) in mode 1 and state S(r)\ + (y/2a)) in mode 
s. For a coherent state superposition protocol without 
any squeezing, this could be done by applying photon 
number resolving detectors. However, with additional 
squeezing, a different approach has to be employed. The 
squeezed vacuum is discerned by a homodyne detector, 
postselecting quadrature X\ = 0. For mode s, the ho- 
modyne detection of the p s quadrature, conditioned on 
p s = 0, allows to discern state ^(r)] + (\/2a)) from the 
state 5 s (r)| — (y/2a)), as in [2Cj . However, although the 
detection of p s — ensures that mode s is not in state 
^•s( r )l — ( — V^o;)), there remains a nonzero probability 
of it being in state S^r^O). Similarly, the measure- 
ment outcome x% = leaves a possibility of mode 1 in 
Si (r) | + (v2a)) . The output state in mode 2, conditioned 
on the measurement outcomes x\ = and p s = 0, is 



A/"out P x , Pp,+ \^ Big ) + P x ,+P p , \ip?) (12 



where 



A/"out = (\P P ,o\ 2 \P x ,+ \ 2 + |Pp,+ | 2 |P a ,o| S 



+ 



2Re[P,,oP,, + P; i+ P;o(^iglO (13) 



-1/2 



and 



P 9 ,i = (i\q = 0){q = 0\j), Q = x,p; i = +,0; 
|</4) = N sw (aS s (r)\ - a) + 65(r)|a» . (14) 

The Fidelity, F = KV'siglVw)! 2 ) can now be evaluated 
with help of relations 

P P ,o - \p p ,+ = (f ) 7 , 



(|q| 2 + |6| 2 )e- 2a +2Re[ab*] 
sig/ ~ \a\ 2 + \b\ 2 + 2e' 2a2 Re[ab*} 



(15) 



However, the fidelity depends on the signal state as seen 
in state (fT2"]l for a = b, in which case \ip s ig) = IV^g) 
and the fidelity is consequently equal to unity. This is 



why the average fidelity should be used to measure the 
performance of teleportation. Alternatively, the ratio 



\PxfiPp,+ \ _ ^a 2 



\Pcr.--t-Pi 



R 



p,o\ 



(16) 



reliably quantifies the content of the signal in the tele- 
ported state. If we consider states \ip S ig) and \ipg ig ) to be 
orthogonal, we can find the lower bound of the fidelity to 
be F m in = jf^i ■ Therefore, even for attainable values 

of a, for example a = \/2£> in [l8|, the teleported state 
is in a good agreement with the initial one. Note, this 
ratio does not depend on the squeezing of the state thus 
the setup could also be used to teleport an un-squeezed 
superposition state. 

A slightly different measurement needs to be used 
when a different entangled resource, Stot{\ot,a) — \ — 
a,— a)) is employed instead of the entangled state ([9]). 
That is because the alternative state is composed of 
an odd number of photons and the projection onto 
S(r)\ + (a)), which is used above, will lead to a state 
with a parity different from the initial state. In order to 
accommodate the difference, a projective measurement 
onto S(r) \ — (V2a)) has to be used, which can be imple- 
mented by photon number detection. However, a more 
feasible approach involving just homodyne detection can 
be devised [2(|. Let us again consider the homodyne 
measurement of the quadrature p. For this time, the 
final state is post-selected only when the measurement 
outcome is equal to some pre-determined value, p = (3. 
The relevant probability amplitudes can be quickly found 
to be: 



1/4 



-3/3 2 /2 



( P = 0\O) = P p=0fi = (|) 

(p = (3\ + (a)) = P p=l 3,+ = 2cos2a/VgP p=/3i0 , 

(p = /3|-) = Pp=/3,- = 2isin2a/V5Pp=/3,o-(17) 

For (3 — n/(4ay/g), P p= /3 i + — and the measurement 
approximately performs the odd-photon state projection 
as required. In analogy to (TT2"|) . the final state can now 
be expressed as 

|< ut ) (X P x ,oPp=f3,-\Ai S ) + Pc. + Pp^oKf ), (18) 
where 



I4ig> =Ki S S s (r)(a\-a)-b\a)). 



(19) 



It is again possible to assess the performance by looking 
at the simple ratio 



\Px,+ Pp=P,0\ 



(20) 



realizing that the portion of the teleported state is 
smaller than in the case of the even-number entangled 
state. The difference vanishes as the amplitude of the 
state increases. 
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Note that the post-selection based on detecting a value 
p — P is equivalent to displacing the initial state along 
the p quadrature before the teleportation, and thus can 
implement sing le qubit operations such as the sign flip or 
phase shift [20| . 



III. TELEPORTATION USING THE 
APPROXIMATE STATE 

In the following, we shall consider the teleportation 
with the entangled resource © created by the approxi- 
mate superposition state recently generated in [la ]. The 
approximate state is obtained from an initial Fock state 
of the excitation number n. (In the actual experiment, 
the excitation number n was 2. The performance of tele- 
portation using such the approximate state is compared 
with that for the ideal state, after deriving an output 
state for a general case of an arbitrary excitation num- 
ber n.) The Fock state is mixed with a vacuum at a beam 
splitter then a state is selected in one output mode, con- 
ditioned on the homodyne measurement outcome in the 
other output mode. The conditionally generated state is 
represented by a wave function 



2 2n nl 



(21) 



which approximates the squeezed superposition state 
[l8j |. When dealing with the approximate state, we use 
the formalism of wave functions as it allows for clearer ex- 
planations. In order to create a quantum channel of the 
teleportation protocol in Fig. [1] the state is mixed at a 
balanced beam splitter (BS1) with the squeezed vacuum 
state 



^vac(x 2 ) = (T^tts)- 1 /* 



(22) 



where the squeezing parameter g is chosen to coincide 
with the effective squeezing parameter of the approxi- 
mate state. The wave function of the unknown signal 
state© is 



Slg 



be 



(23) 



Conditioned on the measurement outcomes, p s = (3 and 
x\ = 0, the wave function of the output state is 



1pout(x) 



J0x* J, 
e c^v 



/ X X s 

W2~T 



X ^cat + -j= Wig ( dx s , (24) 
which, after some algebra, becomes to have the form 

i— k 



Vw(z) oc J2( lj f-|J i-e 



k=0 



-C 



where fi k .± denote the fc'^ n moments of the Gaussian dis- 
tribution with the mean value fj>i± = B±/A and variance 
M2,± + Mi ± = and 



A 
B± 
C 

D 



x ( 1 \ a 
4^2 \9 ) + 

4 [ .9 



03, 



8 2 (3x 
H — T + i- 



A 2V2A \g 



8A 
1 



a 2 [ 1 



1 

TAg 



A^A \g 



1 



- 1 

i/3 
~A' 



(26) 



The normalization has been omitted in Eq. (|25p. When 
the initial Fock state is with an even number n, we do not 
need to perform a phase shift operation so that = 0, as 
explained in Section II. A nonzero value of f3 corresponds 
to the case when the excitation number of the initial Fock 
state is odd. In this case, the phase shift value is (3 = 
ir/(4ay/g). 

Let us consider the actual state recently prepared in 
[HI and compare its performance with the ideal state. 
The output state is described by the wave function (|2"4"]) 
with n — 2 and although it containes at most two pho- 
tons it reliably approximates a squeezed coherent super- 
position state as analyzed earlier (See the discussions on 
Eq. ([6j)) . The average fidelity is calculated as follows 



1 

4?r 



F(V> sig )df>, 



(27) 



where the F(ip S i s ) denotes the Fidelity of teleportation 
for a particular input state ([7]) with unique vales a and 
b, i.e. 



■0*; (aO'f/'out (x)dx 



(28) 



x \ae Ua p k , + + be- Ua (i K \, (25) 



and the integration is over the Bloch sphere of qubit- 
like states with basis S(r)\a) and S(r)\ — a). The aver- 
age fidelity is found to be F avg = 0.9963, for both the 
ideal state and the approximate state. Of course, the 
two states do not give the same results for any signal 
state. A detailed comparison can be seen in Figs. [5] and 
02 depending on the initial state. Although the general 
behaviors are similar to each other, there are differences. 
The maximum fidelities are obtained for the state with 
a = b = 1, where the ideal scenario gives F = 1 while 
the approximate state leads to F = 0.9996. The greatest 
difference can be observed for a = —b = 1, where the 
ideal state still allows for flawless teleportation but the 
approximate state limits the fiedlity to F = 0.9974. In- 
terestingly enough, for majority of the states the approxi- 
mate superposition state leads to slightly better fidelities 
than the ideal one, although for all practical purposes the 
difference is negligible. 
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FIG. 2: (color online) Fidelity of teleported squeezed su- 
perposed state with a = cos 8 and b = e"* sin 8 using ideal 
squeezed superposed state as a resource. 



FIG. 4: Fidelity after the single step amplification protocol 
with regard to the amplitude a of the initial amplitude of the 
squeezed superposition state. The fidelity is the overlap with 
the squeezed superposition state of its amplitude a\/2. 
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FIG. 3: (color online) Fidelity of teleported squeezed super- 
posed state with a = cos 8 and b = e 1 ^ sin 8 using approxi- 
mated squeezed superposed state as a resource. 



IV. AMPLIFICATION OF THE 
SUPERPOSITION STATE 

Schrodinger's paradox was suggested to connect the 
microscopic world (atomic decay), where quantum na- 
ture is expected, to the macroscopic one (cat's destiny). 
Therefore, attempts have been made to devise an amplifi- 
cation scheme that would allow to increase the coherent 
amplitude of a superposition state [15| . For example, 
for a superposition of un-squeezed coherent states, this 
can be achieved by mixing two identical superposition 
states on a balanced beam splitter, followed by a mea- 
surement on one of the modes in order to ascertain the 
mode being the vacuum. Conditioned on the vacuum, an 
amplification is achieved in the other output mode. The 
projection on the vacuum state can be implemented by 
an on/off detector such as an ideal avalanchcd photodi- 
ode, but the detection inefficiency renders this strategy 
experimentally not very feasible. 

Let us introduce an amplification scheme for the super- 
position of squeezed coherent states in analogy to the am- 
plification scheme for the coherent superposition state. 



An apparent difference is that instead of the vacuum, 
the amplification is heralded by the measurement of the 
squeezed vacuum in one output mode of the beam split- 
ter. For this purpose, a homodyne detector may be used. 
After mixing two copies of the squeezed superposition 
state on a balanced beam splitter, the state becomes 

\il>) cx Si(r)5 2 (r) [|0)i| + (V2a)) 2 + | + (V2a))i|0) 2 . 

Now, there is no need to worry about the null measure- 
ment as the amplification is conditioned on \x — 0)2(2; = 
0| measurement outcome. In this case, the state trans- 
forms to 



|V»am P ) oc S 2 (r) \p x ,o\ + (V2a)) 2 + P»,+ |0) s 



(30) 



where P x $ and P x ,+ are defined in Eq. (fT5|) . Unfor- 
tunately, this state is not ideal and after several itera- 
tions the state will be a superposition of squeezed co- 
herent states with different amplitudes together with the 
squeezed vacuum. Fig. 0] shows the fidelity after a single 
step of the amplification protocol. Apparently, the non- 
ideal nature of the protocol is not so detrimental if the 
amplitude of the state is larger than unity. Note, that 
the high value of fidelity for a close to zero is caused 
by the good overlap of the squeezed vacuum portion of 
the state (|30l) . thus such the state is unsuitable for fur- 
ther amplification as numerical analysis confirms a drop 
of the fidelity in the repetition of the amplification pro- 
tocols. Finally, it is important to note that the actual 
result of amplification is independent of the squeezing 
thus our scheme can be used even for the amplification 
of a coherent superposition state without squeezing. 

Let us consider the amplification of the approximate 
state pT|). By mixing the two copies of the approximate 
states, the wave function of the total state becomes 



ip(xl, x2) = ip. 



app 



xl — x2 

~7T 



app 



xl +x2 s 

~7T, 



(31) 
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After the home-dyne measurement and post-selection on 
X2 = 0, the state transforms to 

= ^ PP (-j=) oc z 2 "e-* 2 / 2 . (32) 

We note that this is the same as the approximate state 
(f2"Tj) created from the initial 2n-photon state, which, ac- 
cording to [HI, is an approximation of squeezed super- 
position state of its amplitude a — \/2n with the fidelity 
approaching to unity as n increases. Therefore, we can 
conclude that our amplification scheme based on the ho- 
modyne measurement not just increases the amplitude 
of the approximate state but also makes it closer to the 
ideal superposition state. 

V. SUMMARY 

Quantum protocols, which employ only homodyne de- 
tecion and post-selection, can be applied equally well to 
both squeezed and un-squeezed superposition of coher- 
ent states. Therefore, the squeezed coherent superposi- 
tion states recently generated, can be used for the proof- 



of-principle experiments such as quantum teleportation 
or single qubit gates, without any modifications. Fur- 
thermore, although the experimental realization of the 
squeezed superposition state is in a limited Hilbert space, 
it allows to teleport a signal state with about the same 
average fidelity as the ideal state. 

In a similar vein, the amplification protocol developed 
for an un-squeezed coherent superposition state can be 
modified to accommodate a squeezed superposition state 
by implementing homodyne detection as the projection 
measurement. Although this modification leads to cer- 
tain imperfections, if the initial amplitude of the su- 
perposition state is not too small, it performs rather 
well. When this protocol is applied to the approximate 
squeezed superposition state, the amplified state is again 
a member of the same hierarchy with the initial excita- 
tion number increased by a factor of two. Therefore our 
protocol not only amplifies the state but also makes it 
closer to the ideal superposition state. 
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